
PSYCHOMETRIKA
2007
DOI: 10.1007/S11336-007-9047-7

TO WEIGHT OR NOT TO WEIGHT? BALANCING INFLUENCE OF INITIAL ITEMS IN
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It has been widely reported that in computerized adaptive testing some examinees may get much
lower scores than they would normally if an alternative paper-and-pencil version were given. The main
purpose of this investigation is to quantitatively reveal the cause for the underestimation phenomenon.
The logistic models, including the 1PL, 2PL, and 3PL models, are used to demonstrate our assertions.
Our analytical derivation shows that, under the maximum information item selection strategy, if an exam-
inee failed a few items at the beginning of the test, easy but more discriminating items are likely to be
administered. Such items are ineffective to move the estimate close to the true θ , unless the test is suffi-
ciently long or a variable-length test is used. Our results also indicate that a certain weighting mechanism
is necessary to make the algorithm rely less on the items administered at the beginning of the test.

Key words: computerized adaptive testing, MLE, Fisher information, a-stratified method, item selection
algorithm

1. Introduction

It has been widely speculated that in computerized adaptive testing (CAT) some examinees
may get much lower scores than they would normally if an alternative paper-and-pencil (P&P)
version were taken. As evidence of this, in 2000 Educational Testing Service (ETS) found that
the GRE CAT system did not produce reliable scores for about a few thousand test takers. ETS
offered them a chance to retake the test at no charge (Carlson, 2000). Business Week (Merritt,
2003) reported that in 2002, ETS incorrectly scored nearly a thousand students’ CAT-GMATs,
potentially affecting the chances of would-be MBAs getting into top-tier schools. Given that most
CATs are high-stakes examinations, improving their reliability has become urgent.

To facilitate a remedy, it is necessary to identify potential “flaws” in the scoring formula
in the CAT designs. The objective of this investigation is to psychometrically reveal what is
most likely to account for the underestimation phenomenon. Since obtaining a real data set used
during the incidents may not be possible, our effort has been limited to analytical assessment. The
logistic models, including the 1PL, 2PL, and 3PL models, are used to demonstrate our assertions.
Our analytical result shows that the maximum information method tends to select items with the
highest a-parameters, which may cause a big step size in θ estimation at the beginning of the
test. Consequently, it is plausible that if an examinee misses a number of initial items and the test
length is short to moderate, then he or she may not be able to regain a score close to the true θ .
On the other hand, it is also possible that a person who guesses correctly early in the test could
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be overestimated. Our results imply that a certain weighting mechanism is necessary to make the
algorithm rely less on the items administered at the beginning of the test. For this purpose, the a-
stratified item selection method proposed by Chang and Ying (1999) demonstrated a significant
improvement in estimation stability. This paper is organized as the following: The main analytic
results are presented in the next section. Section 3 summarizes findings from numerical studies.
The last section gives some additional remarks.

2. Main Results

Let Yi be the score for a randomly selected examinee on the ith item; Yi = 1 if the answer
is correct and Yi = 0 if incorrect. Let Yi = 1 with probability Pi(θ) and Yi = 0 with probability
1 − Pi(θ), where Pi(θ) denotes the probability of a correct response for a randomly chosen
examinee of latent trait θ , where θ is unknown and has the domain (−∞,∞) or some subinterval
on (−∞,∞). When the three-parameter logistic model (3PL) is used, the probability becomes

Pi(θ) = ci + (1 − ci)
1

1 + e−ai (θ−bi )
, (1)

where aj is the item discrimination parameter, bj is the difficulty parameter, and cj is the guess-
ing parameter. There are two special cases of (1): the 1PL model (when ci ≡ 0 and ai ≡ 1) and
the 2PL model (when ci ≡ 0).

Suppose that an examinee with a fixed θ is given n items Y1, Y2, . . . , Yn. Then θ can be
estimated by maximizing the likelihood function

Ln(θ) =
n∏

i=1

Pi(θ)Yi Qi(θ)1−Yi , (2)

where Pi(θ) is item response function and Qi(θ) = 1 − Pi(θ). Let θ̂n denote the resulting esti-
mator: θ̂n solves the following maximum likelihood estimating equation

Un(θ) = ∂

∂θ
logLn(θ) =

n∑

i=1

{
∂

∂θ
log

Pi(θ)

Qi(θ)

}[
Yi − Pi(θ)

] = 0. (3)

Note that in (3) Yi − Pi(θ) is “observed”–“expected”, and hence it has mean 0. Thus Un(θ) is a
weighted sum of “observed”–“expected” with weights

wi = ∂

∂θ

{
log

Pi(θ)

Qi(θ)

}
, i = 1, . . . , n.

It is well known that, under suitable regularity conditions, θ̂n is asymptotically normal, centered
at the true θ with variance approximated by I−1

(n)
(θ̂n), where I(n)(θ) is the Fisher test information

function. One original motivation for CAT is to maximize the Fisher information so that θ̂n will
be most accurate. This can be achieved by recursively estimating θ with currently available data
and assigning further items adaptively.

In order to promote remedies for the underestimation problem, the sensitivity of θ̂n for small
n needs to be investigated. Let us first consider the 1PL model. Without loss of generality, we
assume the common a parameter to be 1. Since log Pi(θ)

Qi(θ)
= θ − bi , therefore ∂

∂θ
{log Pi(θ)

Qi(θ)
} = 1.
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According to (3), the likelihood estimation function takes the form in (4) after n items were
administered:

Un(θ) =
n∑

i=1

(
Yi − eθ−bi

1 + eθ−bi

)
. (4)

Note that for the MLE θ̂n, Un(θ̂n) = 0. Let bn+1 be the item difficulty parameter for the (n+ 1)th
item selected. Let θ̂n+1 be the maximum likelihood estimator (MLE) based on n + 1 items, i.e.,
θ̂n+1 solves Un+1(θ̂n+1) = 0. By the mean-value theorem,

Un+1(θ̂n+1) − Un+1(θ̂n) = ∂Un+1(θ
∗
n+1)

∂θ
(θ̂n+1 − θ̂n), (5)

where θ∗
n+1 lies between θ̂n+1 and θ̂n. Note that (5) also holds for the 2PL and 3PL models. For

the 1PL model, it can be verified that

Un+1(θ̂n+1) − Un+1(θ̂n) = −I(n+1)(θ
∗
n+1)(θ̂n+1 − θ̂n), (6)

where I(n+1)(θ) = ∑n+1
i=1 eθ−bi /(1 + eθ−bi )2 is the Fisher test information and is also equal to

− ∂Un+1(θ)

∂θ
. Since Un(θ̂n) = 0 for all fixed n, it can be shown

θ̂n+1 = θ̂n + Un+1(θ̂n)

I(n+1)(θ
∗
n+1)

. (7)

Since Un+1(θ̂n) = Un(θ̂n) + (Yn+1 − eθ̂n−bn+1

1+eθ̂n−bn+1
), therefore the following recursion holds:

θ̂n+1 = θ̂n + 1

I(n+1)(θ
∗
n+1)

(
Yn+1 − eθ̂n−bn+1

1 + eθ̂n−bn+1

)
. (8)

For the 1PL model, the relationship between θ̂n and θ̂n+1 described in (8) indicates that, if the
item pool is sufficiently rich that allows each θ to match closely to a difficulty parameter b, then

bn+1 ≈ θ̂n and eθ̂n−bn+1/(1+eθ̂n−bn+1) ≈ 1
2 . This implies that the one-step update from θ̂n to θ̂n+1

is ± 1
2 divided by I(n+1)(θ

∗
n+1), which is typical of order 2/n for large n. Consequently, the larger

the n is, the smaller the one-step adjustment it gets. It is conceivable that if the examinee misses a
couple of items at the beginning of the test, the one-step update would push the examinee toward
the negative direction too quickly for the 1PL model.

Now let’s consider the 2PL model. It can be verified that ∂
∂θ

{log Pi(θ)
Qi(θ)

} = ai . According
to (3), the estimation function becomes

Un(θ) =
n∑

i=1

ai

(
Yi − eai(θ−bi )

1 + eai(θ−bi )

)
, (9)

and the test information function becomes

I(n)(θ) =
n∑

i=1

a2
i

eai (θ−bi )

[1 + eai(θ−bi )]2
. (10)

According to (5), (9), and (10), by using the same reason to get (8), the following recursion holds:

θ̂n+1 = θ̂n + an+1

I(n+1)(θ
∗
n+1)

(
Yn+1 − ean+1(θ̂n−bn+1)

1 + ean+1(θ̂n−bn+1)

)
, (11)
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where θ∗
n+1 is a point between θ̂n+1 and θ̂n. The situation becomes even more interesting for the

2PL model. Equation (11) indicates that the one-step update from θ̂n to θ̂n+1 is ±1/2 multiplied
by an+1I

−1
(n+1)(θ

∗
n+1), which indicates that the size of the step may be determined by the value

of a for small n. Consequently, the larger the n is, the smaller the one-step adjustment it gets.
As indicated by many authors, the maximum information approach would select the items with
the highest a-values, which may cause a big step size at the beginning of the test. Therefore, it
is plausible that if the examinee misses a number of initial items and the test length is short to
moderate, then he or she may not be able to regain a score (estimate) comparable (close) to the
true θ , even though he or she responds well to the rest of the items.

When the 3PL model is used, the recursion can be approximated:

θ̂n+1 ≈ θ̂n + an+1

I(n+1)(θ
∗
n+1)

g(cn+1)
(
Yn+1 − Pn+1(θ̂n)

)
, (12)

where 2/3 ≤ g(cn+1) ≤ 1, θ∗
n+1 lies between θ̂n+1 and θ̂n, I(n+1)(θ) is the Fisher test information

function, and Pn+1(θ) is ICC for the (n+1)th item. (See Appendix for a theorem.) Since g(cn+1)

is between 2/3 and 1, the discussion about the relationship between the value of a-parameter and
the step size should be the same as that for the 2PL model.

Chang and Ying (1996, 1999) argued that the a-parameter should be selected in an ascend-
ing order. Their motivations come from the considerations of efficiency improvement and item
exposure balance. In view of (11) and (12), an additional benefit of the a-stratified approach is
that it automatically adjusts step sizes in updating the current estimation of θ . In particular, it
shrinks weights at early stages, making it less likely to have extreme values in estimating θ . It
also inflates weights at final stages, counteracting the effect of the multiplier I−1

(n+1)(θ
∗
n+1) and

making it more likely to adjust the final estimator of θ . It is clear that the ascending order of an

as advocated by Chang and Ying plays a pivotal role, ensuring higher efficiency, giving more bal-
anced exposure rates, reducing fluctuation due to initial item response irregularity, and increasing
effectiveness in counteracting initial item influence by responses to later items.

Therefore, it is plausible that if the examinee misses a number of initial items and the test
length is short, then he or she may not be able to regain a score (estimate) comparable (close) to
the true θ , even though he or she responds well to the rest of the items. According to (11) and (12),
it is also possible that a person who guesses correctly early in the test could be overestimated.
Actually, “Pay extra attention to first few questions” was advised by several GRE preparation
books (e.g., Kaplan, 2004). In order to overcome the problem, the item selection strategy needs
to be adjusted so that it selects items with low discrimination parameters at the beginning of the
test.

3. Simulation Studies

A pilot simulation study was conducted to get numerical evidence supporting our theoretical
findings.

Item Pool Structure Assume the item pool is so sufficiently rich that for every given θ

value one can find a corresponding difficulty parameter b with the same value. The item pool was
partitioned into four strata and the discrimination parameter was identical within each stratum,
with a equaled to 0.5, 1.0, 1.5, and 2.0, respectively, for the four strata. Without jeopardizing
the generalizability of the findings, all discrimination parameters within each stratum were kept
constant to maintain a clear change in item parameter distribution as testing progressed. Within
each stratum, the values of the difficulty b-parameters can be generated with the same value of θ .
For simplicity, the guessing c parameters for all items were set at zero.
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Latent Trait Distribution One thousand examinees were included with a fixed θ value at 0.
Note that the true θ can be fixed at any point.

Test length and termination rule The test length examined was 40 items. Though it is a bit
longer than most adaptive tests, we deliberately chose 40 to show the trend more clearly.

Item Selection Rules Hau and Chang (2001) made a comparison of efficiency in terms
of MSE among several methods and reported that the ascending a-method was better than the
descending a-method. The focus of this research is to examine whether the use of more dis-
criminating items at the beginning of testing would cause “convergence to a wrong point.” Two
approaches, the descending a- and ascending a-methods, were used in the simulation study. In
the descending a-method, the use of large a-parameter items were in the reverse order of the
ascending a-method, that is, large a-parameter items were used first followed by small a ones.
The objective of the research is to defend a general principle—low-a items should be used first
and high-a items should be used last, thus it will not entail specific item-selection methods, such
as the maximum information method, the a-stratified method, etc. In this regard the simulation
design is essentially for all MLE based procedures that can be portrayed by (11).

Step 1. The item pool is partitioned into four strata by the a-parameter, with the first and last
strata containing, respectively, the smallest and the largest-a items.

Step 2. Accordingly, the testing process is also partitioned into four stages to match the four
item strata.

Step 3. At the kth stage, 10 items are selected from the kth stratum. The test-taker’s ability is
updated by (11), which is equivalent to maximizing the likelihood function constructed from
the responses to the items already taken. Then items of difficulty parameter equal to the
estimated ability are selected and administered as the next item.

Step 4. Step 3 is repeated for k = 1 through k = 4 stages.

The steps in the descending a-method are:

Step 1. The item pool is partitioned into four strata by the a-parameter as in the ascending a-
method. However, contrary to the ascending a-method, the earlier and latter strata now con-
tain, respectively, the higher and lower a items.

Steps 2 to 4. Identical to the steps in the ascending a-method, the entire testing process is also
partitioned into four stages to match the four item strata.

Initial Estimators Let θ̂1 be the initial estimator of θ . Eleven initial estimation points
were selected: θ̂1 = −3.0,−2.5,−2.0,−1.5,−1.0,0,1.0,1.5,2.0,2.5, and 3.0. Note: the true
θ = 0.0. The reason of using different initial estimators is to assess the variability of estimation
accuracy possibly caused by different initial performance among examinees.

Evaluation Criterion Average bias (Bias), mean squared error (MSE), and average number
of correct (ANC) were used as evaluation criterion, which are defined in the following:

Bias = 1

1000

1000∑

j=1

[
θ̂ (j) − θ0

]
, (13)

MSE = 1

1000

1000∑

j=1

[
θ̂ (j) − θ0

]2
, (14)
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and

ANC = 1

1000

1000∑

j=1

40∑

i=1

Yij , (15)

where θ̂ (j) is the final estimator for the j th examinee, θ0 is the true ability which is set to 0 in
our simulation, and Yij is the observed score on the ith item for examinee j .

Results Figure 1 shows the mean squared errors for the two methods. For each method,
MSEs were calculated based on 1000 replications at each of the 11 starting points. The graph
represents the MSEs as a function of the starting values. Note that θ = 0 represents the true latent
trait value in our simulation. For the descending a-method, the larger the difference between the
initial estimator and the true θ is, the higher is the value of MSE. The same pattern was found
in the bias plots in Figure 2. If the initial value is lower than the true θ , the final estimator is
negatively biased. On the other hand, the final estimator will be positively biased if the initial
estimator is higher than the true θ . These figures clearly indicate that the ascending a-method
generated much more consistent results for both bias and MSE. The simulation results may also
imply that if the item selection algorithm relies on items with the highest a-parameter values at
the beginning of the test, it is plausible that if the examinee misses a number of initial items, then
he/she may not be able to regain an estimated θ̂ that is comparable to the true θ , even though
he/she responds well to the rest of the items. For instance, according to Figure 2, the average bias
of the descending method at −3 was −1.8, however, according to Figure 3, the corresponding
average number of correct items was 37. The simulation results clearly indicate overestimation
is plausible. According to (11), it is possible that a person who guesses correctly early in the test
could be overestimated.

4. Conclusions

In this paper both the analytical derivations and the empirical simulation study showed that
under the maximum information item-selection strategy, if an examinee failed a few items at
the beginning of a test, easy (but more discriminating) items are likely to be administered. And
such items are ineffective to bring the estimate close to the true θ , unless either the test length
is sufficiently long or a variable-length test is used. In the 2000 GRE incident, even though ETS
refused to comment on whether the examinees who were offered to retake the GRE were scored
lower or higher (Carlson, 2000), our speculation is that they most likely received extremely low
scores. According to (11) and (12), it is likely that in 2000 about the same number of examinees
were scored higher than what they deserved.

The derived recursions, in particular under the mathematically straightforward 2PL model,
indicate that the estimation updates based on high-discriminating items may lead the CAT off
target at the beginning of a test. The small-scale simulation study provided further support to our
assertion. The results presented in this paper may help us to design more robust item-selection
algorithms. In view of (11), the a-stratified approach is a promising alternative in that it auto-
matically adjusts step sizes when updating the current estimation of θ . It shrinks the weights
at early stages, making it less likely to have extreme values in estimating θ . It also inflates the
weights at final stages, counteracting the effect of the multiplier I−1

(n+1)(θ
∗
n+1), and makes it more

efficient to adjust the final estimator of θ . The a-stratified method is only one solution, and
other promising solutions might come along, including incorporating the maximum information
method with certain weighting mechanisms. Undeniably, adopting an item-selection strategy that
places less weight on the items administered at the beginning of the testing will greatly increase



HUA-HUA CHANG AND ZHILIANG YING

FIGURE 1.
MSEs of the two methods.

FIGURE 2.
Biases for the two methods.

the reliability of a CAT. Finally, the results presented in this paper may imply that, despite some
shortcomings, CAT undoubtedly has a great future because new developments in psychometric
theory will enable us to solve the problems encountered in current large-scale applications.
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FIGURE 3.
Average number of correct items of the two methods.

Appendix

Theorem. Assume the 3PL model and the maximum information item-selection method is used.
Let an+1, bn+1, and cn+1 are the item parameters for the (n + 1)th item which are sequentially

selected. Let θ̂n+1 and θ̂n MLEs based on n + 1 items and n items, respectively. The relationship
between θ̂n+1 and θ̂n can be expressed by

θ̂n+1 ≈ θ̂n + an+1

I(n+1)(θ
∗
n+1)

g(cn+1)

(
Yn+1 −

(
cn+1 + (1 − cn+1)

ean+1(θ̂n−bn+1)

1 + ean+1(θ̂n−bn+1)

))
, (16)

where 2/3 ≤ g(cn+1) ≤ 1, θ∗
n+1 lies between θ̂n+1 and θ̂n, and I(n+1)(θ) is the Fisher test infor-

mation function.

Proof: By the mean-value theorem,

Un+1(θ̂n+1) − Un+1(θ̂n) = ∂

∂θ
Un+1(θ

∗
n+1)[θ̂n+1 − θ̂n], (17)

where θ∗
n+1 is between θ̂n+1 and θ̂n. For the 3PL model it can be verified that

∂

∂θ

{
log

Pi(θ)

Qi(θ)

}
= aie

ai (θ−bi )

ci + eai(θ−bi )
.

According to (3) the likelihood equation is

Un(θ) =
n∑

i=1

aie
ai (θ−bi )

ci + eai(θ−bi )

(
Yi − ci − (1 − ci)

eai (θ−bi )

1 + eai(θ−bi )

)
= 0, (18)
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where ci is the guessing parameter for item i. Since θ̂n+1 and θ̂n are MLE, Un+1(θ̂n+1) = 0 and
Un(θ̂n) = 0. Since

Un+1(θ̂n) = Un(θ̂n) + an+1e
an+1(θ̂n−bn+1)

cn+1 + ean+1(θ̂n−bn+1)

(
Yn+1 − cn+1 − (1 − cn+1)

ean+1(θ̂n−bn+1)

1 + ean+1(θ̂n−bn+1)

)
,

(17) becomes

− an+1e
an+1(θ̂n−bn+1)

cn+1 + ean+1(θ̂n−bn+1)

(
Yn+1 − cn+1 − (1 − cn+1)

ean+1(θ̂n−bn+1)

1 + ean+1(θ̂n−bn+1)

)

= ∂

∂θ
Un+1(θ

∗
n+1)[θ̂n+1 − θ̂n]. (19)

Solve θ̂n+1 from (19)

θ̂n+1 = θ̂n − 1
∂
∂θ

Un+1(θ
∗
n+1)

× an+1e
an+1(θ̂n−bn+1)

cn+1 + ean+1(θ̂n−bn+1)

(
Yn+1 − Pn+1(θ̂n)

)
. (20)

Now we need to compute ∂
∂θ

Un+1(θ
∗
n+1). Note that the item parameters in (18) are sequen-

tially selected so that the Fisher item information of each item is maximized. According to Lord
(1980, p. 152), the Fisher item information reaches its maximum when

b ∼= θ − 1

a
log

1 + √
1 + 8c

2
. (21)

Therefore, when the choice of the difficulty parameter satisfies (21), it is easy to see that the
weights in (18)

aie
ai (θ−bi )

ci + eai(θ−bi )
∼= ai(1 + √

1 + 8ci)

2ci + 1 + √
1 + 8ci

.

Therefore, an approximation to Un(θ) is

n∑

i=1

ai(1 + √
1 + 8ci)

2ci + 1 + √
1 + 8ci

(
Yi − ci − (1 − ci)

eai (θ−bk)

1 + eai (θ−bk)

)
. (22)

By taking derivative on Yi − Pi(θ), we have

∂

∂θ
Un+1(θ

∗
n+1) ≈ −

n+1∑

i=1

Ii(θ
∗
n+1). (23)

Assume (an+1, bn+1, cn+1) and θ̂n satisfy (21), according to (20) and (23),

θ̂n+1 ≈ θ̂n + an+1

I(n+1)(θ
∗
n+1)

g(cn+1)
(
Yn+1 − Pn+1(θ̂n)

)
, (24)

where g(cn+1) = 1+√
1+8cn+1

2cn+1+1+√
1+8cn+1

. Since 0 ≤ c ≤ 1, it is obvious that 2/3 ≤ g(cn+1) ≤ 1. �
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